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Abstract. We consider statistical inference of relative stake.

1. The Model

e N nodes participate in elections (or “lottery”) at times ¢1,...,tr (see Figure 1).

e The election process is governed by the distribution
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e The probability of node ¢ to win the lottery is [1]
¢rla) =1—(1=f)% (2)
where a; = w;/D°[{w;}] is the relative stake of node 1, i.e. vazl a; = 1.

e The outcome of lottery of node ¢ can be observed with the probability ¢ and this
happens independently from the other nodes.

e We assume that the total stake D°[{w;}] is not changing on the time interval

[t1,t7].
tl t2 t3 tT
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Figure 1. The leader election and observation processes. Node i € [N]
participates in the leader election (or “lottery”) at times ¢1,...,t7. The (binary)
outcome of this lottery is either observed (numbers in square brackets) or
unobserved.
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2. Maximum likelihood (ML) inference of relative stake

We would like to infer the relative stake a; of node 4 from the samples s(t1), ..., s(tr),
ie. “data”, generated from the distribution (1). However, not all components of
s(t) € {0,1}" vectors are observed and we model this by the 7;(t) € {0,1} variables,
organised in to the m(¢t) € {0,1}" vectors. Here 7;(t) = 1 and 7,(t) = 0 when
the election outcome s;(t) of node i is, respectively, observed and unobserved. This
combination of election and observation processes gives rise to the (conditional)
probability distribution

N
1) = []Pr (1)), (3)
=1

where P;(s;(t)) = ¢5(a;) 01,5, () + (1 = @5 (i) do;s, 1) f election outcomes of observed
nodes at time ¢. The inference of relative stake «; parameters can be done by
maximising the log-likelihood of data

T
LI{s®)M{n(1)}] = log [ Ps())m(?)), (4)

where we replaced the set of time labels {¢1,.. tT} by the set [T] = {1,...,T} to
lighten the notationi, subject to the constraint Z _; o; = 1. To this end, applymg
the method of Lagrange multipliers, we first consider the derivative

o § L0 + A z%_l

(i) O1suty + (1= b5 (i) Soysyty] + A

aax/)f(az)[& s:() — Soisi()]

oL
203

az 61 si(t) T (1 - ¢f(al)) 50;Si(t)
(e 73 1
T
S1e (1) — Oos,
g g

2T G 1 (00) brsentey + (1= 6(00) Bores (o)

T T
) Lﬁf(lai) ;’fh(t)énsi(t) - 1_(;}0(0@) tzzlm(t)(;o;si(t) +A (5)
Hence in order to find a; we need to solve the equation
(1 1 og( 12 )
1—f
X [1im(t)51.s.(t) éz 0i(t)00;5,¢) | A = 0. (6)
oy (ai) &= ¢r(ai) o

1 Also for a set {f(t)|t € [T} we will write {f(t)} to reduce amount of notation.
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2.1. Unconstrained A = 0 case

For A = 0, which corresponds to unconstrained variation of the log-likelihood (4),
solving the equation (6) for «; is equivalent to solving

Zthl 0i(t)01;s,(t) _ o)
S ()00, 1~ Or(c)

and hence in this case the ML estimator of «; is given by

(7)

Ao _log (1 - iy 73 (t)00;5; (1) (8)
Z log(1 — f)
T : 3 Z?:l ni(t> 61;si(t) o P.L(l)
for >, 1 mi(t) do;s,(t) > 0. We note that the ratio S Do~ TP where

P(1) = Zm 01,5, (t) (9)
Zt 1mi(t) 1=
when Zle n;(t) > 0, i.e. the ML estimator of the probability ¢(c;). Suppose that
the true parameters are o and the data s(1),...,s(T) is sampled from the prob.
distribution (1) which uses these parameters. Then averaging the estimator P;(1)
over the data gives us

<15i(1)> ST z_:m (0155:(t))

i 10
Zt e gn = ¢(a) (10)

and hence P; (1) is unbiased estimator of the probability ¢ (a?).

. o Yiani®bis e P(1) i
Furthermore, using the equality ST o I-PAD) in the equation (8)
gives us the estimator of relative stake
1 (é) 1 (1 — P )
di _ 0g 1-P;(1) — 08 ( ) . (11)
log(15) log(1 — f)
We note that above is also solution of the equation
Pi(1) = 65 (ay). (12)

2.2. A >0 case

We note that the equation (6) is equivalent to the equation

[64(a )—mog( f)
[ Z_: Otssi(e) — 1_(;]00[2_: t)dos, 0| = A (13)
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which can be written as
1 T
IOg(ﬁ) Et:l ni(t) 61;si(t)
log(ﬁ) et () 1) + log(ﬁ> i 1i(1) B0s,00) — A
Zt 1 7h( ) 61 184

thl ni(t) — A/ log(ﬁ>
- 1
=P(1 )1 " 5 . (14)
log(1—f) 323y mi(t)
We note that when T' — oo we expect that P;(1) — #¢(a?) in above and if A < T then

o »1AT = L is vanishing and hence ¢f (i) = ¢#(a?). Furthermore,
log(1— /) 7.1 73 (0) Tos(1-7)q
solving the equation (14) for «; gives us the estimator

1og(115i(1)1+ L >

N log(1—f) 74 i ()

a; a1 /) ; (15)
where P;(1) is defined in (9). Furthermore, for @&; in above equation we have to find
A is such that vazl G; =1, i.e. to solve

al . 1
>tog[1- A1) = log(1 - 1), (16)
log(1— f)Z —1 i (t)
for A\, which suggests that we need to observe all nodes to have accurate predictions.
For Zthl 7;(t) large§ and N finite we obtain

N
Zlog(l - R-(l))
=1

N P.(1)
logl_ ; Pi(1)) iy mi(t)

2
+ol1/ (Z m(t)> —log(l—f), (17
t=1

We note that for 7" — oo, because of Zthl n:(t)/T — ¢, the term linear in A and
higher order terms will vanish. The latter suggests that the “naive” estimator (12)
could give very accurate estimates of «; for long observation times T, but for short
observation times this is no longer guaranteed (&; inferred using (12) can be greater
than 1) and we need to compute A in (15).

dp(ei) =

2.8. Inference of Lagrange multiplier

We would like to find A such that the equality (16) is satisfied. The latter is equivalent

to
N

1= =TI -] (18)

§ The random variable E?:l n;(t), by the assumption (27), is from the binomial distribution with
mode at (approx.) ¢7T.
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where we defined the function
N . 1
di(A) = Pi(1)

—
M s am

Now 1 — f is probability and hence above equation is equivalent to

D (1 - f||I(\) = 0, (20)
where we defined the function TI(A) = Hivl {1 — (N )} Here D (Q||P), where
Q, P €(0,1), is the Kullback—Leibler (KL) dlvergence

D(QIIP) =Qlog 2 + (1~ @)log ;

which is 0 iff Q = P and is positive semi-definite when Q # P [2]. These properties
of KL distance can be exploited to solve for A using the gradient descent equation

d 0
W= g

Let us consider

(19)

“distance”)

(or
Q

(21)

D (1 = fI[II(A)) (22)

‘A:A(t)'

D (1= 1)) = (= o (157 ) + e (1= )
= —H(f)—(1— f)logll(A) — flog (1 —1II(})) (23)
and hence the derivative

P L=/ !
55D (1= FITN) = (1= f)log (H(A)) o <1—H(A>>

O (1~ £)logII(\) + flog (1 — TI(\))]

o la
ZII(N) 9 TI(\)
1—-f
=00 ey
(=S, g 0
- [_ II(\) iz H()\)} o)
We note that if A is such that 1 — f = II(\) then above is exactly 0 and hence this

A is fixed point of the equation (22), as expected, and solution of the equation (16).
Calculating the derivative ZII(\) we obtain

_f[?)\

(24)

(9 a N N N (9
o) = 5 IT [1 -] = 211 1= 8,0] 5560
N N R 1 P
- _;g [1-6,00)] ot
N 1 9
= _H(A);lf@w i)
N 1
= —II(\ =
( ); L—i(A)
x b (25)

Y S _ T .
(Hlog(lff)z?:lm(t)) log(1 = f) > 4= mi(t)
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and hence

0 1-f f
S0 0= ) = |-

5 (1)
3

I W N
(”loguff)zf:lm(t) log(1 = f) 2y (1)

2.4. Analysis of the naive estimator

For the data sampled from (1) with the parameters a; we would like to know how
accurate is the “naive” estimator (12) at inferring a;. We assume that n(1),...,n(T)
are sampled from the prob. distribution

N
P("?(t)) = H [q 51;m(t) + (1 - Q) 50;m(t)] ) (27)

i.e. the outcome of election of node ¢ is observed with probability ¢. To this end we
consider the event «; — ¢ < &; < a; + €. The probability of this event, using (12), is
equivalent to the probability

P (¢5(as =€) < Bi(1) < dy(ai + €)lm > 0)
=P (¢f(a; —€)m <n < ¢ +€)m|m > 0)

< < P (m|T) P (n|m)
“LXTia-gr

m=1n=0
x1ps(a; —e)m <n < ¢p(a; +€) m] (28)
where in above P (m|T) is the distribution of m = Zthl 7;(t), given by the binomial
T —m
ponlt) = () )" - dl" (29)
m
with the parameter ¢ such that ¢ T is the average number of observations, and
m m—n
P (ufm) = () 6300 1~ ostas)] (30)

is the (binomial) distribution of n = Z;‘ll n;(t)si(t) with parameter ¢¢(c;) such that
¢7(a;) m is the average number of observed lottery wins.

The function ¢s(c) is monotonic increasing function of o and hence 0 < ¢ (o) <
f for a € [0,1]. Hence if P;(1) > (f + €), where € > 0, then &; > 1. The probability
of the event P;(1) > (f + €) is given by

P(n>(f+¢e)mim>0)

ZZM]l[nZ(f+e)m] (31)

m=1n=0
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Let us define the probability
P(lér(ai—e)T] +1<n < [ds(as+)T))
s (vite) T T .
=Y (3)eredn-ea™ (52)
n=|¢s(a;—e)T|+1

for non-integer ¢s(cv; £€) T, i.e. this is a special case when all election results of node
i are observed, and consider||

P(lo(ai — ) T)+1 =0 < |osla; +6)T))

—1-P(n < [¢5(ai - T))
—P(n 2 [+ ) T] +1) (3
Now for M < ¢y(cv) the probability
L¢s(ai—e) T]

Posloffei -9t = 3 (1) ojanli- s
n=0

Lof(a;—e)T) )
< o TP(FEEF los(an)

< e~ T D@ (@i=)llés(ai)) (34)

where in above we used M < ¢5(a;—e€) < ¢(a;) to obtain the last inequality,
and for ¢¢(a;) < w < 1 the probability

Pn> 60+ 7] +1)
a T
- X (})#ern-ea
n=[¢s(cite) T|+1
Ld>f(a,i4’;e)Tj+1

-p( 165 ()

<e
< o~ TDWs(a+e)llés () (35)

where to obtain the last line in above we used that ¢f(a; +€) < w <
¢f(a; +€)+1/T and D (s + €||s) is monotonic increasing function of € when 25 —1 <

€ <1 — s [3]. Thus using above inequalities we obtain

P(lo(ai =) T| +1<n<[df(ei+€)T])
> 1 — e ID(@s(ai=o)llés(ai)) _ o=TD(¢s(aite)llds(e)) (36)

and hence
Play—e<é; <a;+e)
> 1 — e ID@s(ai=o)llds(ai)) _ o=TD(¢s(aite)llds (o))

>1-—9 max e ID(@slaitoe)llds(a:)) (37)
- oce{-1,1}
The function ¢s(c) is monotonic increasing function of o and hence 0 < ¢ () <
f for a € [0,1]. Hence if TP;(1) > T(f +e€), where € > 0, then &; > 1. The probability

|| We note that mode of the binomial distribution in above is at |¢f(a;) (T + 1)] for non-integer
¢¢(a;) (T 4+ 1). Also ¢¢(a) is monotonic increasing function of o and hence |¢f(o; —€)T] +1 <
L¢f (i) (T + 1)) < [df(ai + )T
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of the event TP;(1) > T(f + ¢€) is given by

Pn>[(f+e)T]+1)
T

- 2 (Z) $F(ai) [1 = pp(aa)]" " (38)

n=[(f+e) T|+1

for non-integer T (f + €). We note that mode of the binomial distribution in above
is at [¢f(a;) (T'+ 1)) for non-integer ¢¢(a;) (T'+ 1) and the latter is bounded from
above by f(T'+1). Hence for € > f/T we have |¢¢(a;) (T+1)] < |(f+€)T|+1and

Pn>[(f+e)T|+1)< e~ T D(f+ellps(ei)) (39)

Also the probability can be bounded from below
e~ TD(f+e+1/T|$g(evi))

f+e)T|+1 (f+e)T |41 .
\/8TL( YL (1 Lugrian)

P(n> [(f+0T|+1) > (40)

2.5. Inclusion of empty slots
For the set of times 7 = {t1,...,tr} and its subsets 71 = {t|t eT, Zf\il s;(t) > 1}
and Ty = {t| teT, Zfil si(t) = 0}, we define the likelihood

LUs@)}H{n(t)} = log{ 1T P(s(f)ln(ﬂ)} I1 Po)
teTy teTo
= Y " logP(s(t)|n(t)) + [ To| log P(0)
teTh
N
= ZZm )log Pi(si(t)) + [To| Y log Pi(0) (41)
teTy i=1 1=1

and consider the derivative

ai_{ﬁ[{S()}l{n +A<Zaz—1)}

=D mlt 10% [65(0i) O1is,0) + (1 = b (i) Boys, (1]

teTy
)
+ |To|87i log(1 — ¢y(ay)) + A

_ Z i 8a bp(i) [01;5,6) = G038, ()]
£(0i) 01,0y + (1 = @p(i)) Gos; (1)

teTy
8% d’f(%)
|76|7¢f(0¢i) + A
= (1= f)"log{ — 1f)

61 S - 50 si(t)
X 1
Z il Pr(i) 61;s,() + (1 — @) Sossi ()
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(1 - f) log(f)
1- ¢f(041)
— (1= ) log(1 - f)

771 6 1S4 771, 5 S
Lf’f t; s 1*¢faz Z " t)]

teTy
- (1= )% log(1 - f)
~ [Tl 1—¢p(a)

= (¢5(ci) = 1)log(1 - f)

|fﬁf () Z mi(t 51 si(t) az Z ni(t 50 s (f)‘|

— 7ol + A

+A

teTh teTh
s,

= (¢7(ew) = 1)log(1 = f)

|sz a Z 777, 61 si(t) — Z 772 50 Sq t)‘|

teT ¢f i) teT
+ [Tollog(1 — f) + A (42)

Let us now consider the equation

o {c[{s< CONED) (Zaz - 1)}

= (¢5(ci) = 1)log(1 - f)

1
[ﬁbf (1) 2 O - 1= (o) > ”i(t)fso;si(t)]

teT teTh
+[Tollog(1 = f) +A=0 (43)

Multiplying both sides in above by —1 gives us

(0560~ 1oz =)
X [ Z 771 61 ;si(t) — Z 771 50 Si (t)]

tET tE'T
= A+ [To|log(1 — f) (44)

which can be written as

br(0) = Ziers 1O Dty :
ZteTl ni(t )51;si(t) + ZteTl 1i(t) oss,(t) T A
_ ZteTl ni(t )51;sz'(t)
ZtE'Tl nz(t) + A

. 1
=Pi(1); S YSTL (45)
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where \ = m + |7o| and we defined

~ Dver Mit) s 1)

Pi(1) = (46)
ZteTl i (t)
Solving for «a; gives us the estimator of relative stake
_P(1)—
) log(l Pz(l) HA Cier, Ui(t)> (47)
o = .
log(1 - f)
Let us consider
A B A LTl
Yoer i) log(L—f) > cqmi(t)  dier i)
AT T

= +
log(1 = f) > oseq; mi(0)/T ~ Xpeq; mi(t)/T
We note that for 7" — oo we expect [To|/T' — 1 — f and »_, . n:i(t)/T — fq, where
[ is the probability of slot being nonempty and g is prob. of observing nodes in
non-empty slots. Hence also assuming that P;(1) — ¢¢(af) in this limit we obtain

b7(c) = dp(a)—

49)
1—f° (
1+ e

where to derive above we assumed that log(i‘/fj})fq — 0 as T'— oo. The interpretation

of above result is that the estimator &;, obtained from solving the equation

A 1
orle) =P e

for «;, is not consistent, unless we have - =5

(50)

A/T 1-f
S Yis — ;o as T — oo.

However, the naive estimator obtained by setting A = 0 and solving the equation
ér(a) = Zteﬂ ni(t) O1.s.(t)
Y Yien mit) + (7ol

N 1
=P TS o @

(51)

for « is always inconsistent.
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