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Abstract. We consider leader election process in proof of stake (PoS) consensus
model.

1. The Model

e We consider N nodes where node i has stake s; € (0, 1] such that Zf\il s; = 1.

e We assume that at time t all nodes participate in a “lottery” and we model
outcome of this lottery for node i by the variable o;(t) € {0,1}, where 0 and 1
corresponds to, respectively, “loosing” and “winning” in this lottery.

e We assume that for node i the probability of winning P(o;(t) = 1) = s;.
e For times t € [7], where we used [7] = {1,...,7}, the sequence o;(1),...,0;(7) is
the record of lottery events for node i.

e We assume that the outcome of lottery of node i at time ¢, o;(¢), is either observed
or not observed. The latter is modelled by variable 7;(t) € {0,1}, where 0/1
corresponds to “not observed” /“observed”.

e We assume that for node i the probability of observing P(n;(t) = 1) =

e For times t € [7] the sequence 7;(1),...,n;(7) is the record of observation events
for node 1.

2. Probability distributions

e For node ¢ we are interested in the probability distribution of random variables

= Y./ ,ni(t)oi(t), i.e. the number of lottery wins observed, and m =

>i_1mi(t), i.e. the number of observations. The latter two, for m > 1, allow
us to construct the statistical estimator n/m of the stake s;.

e For any node i with the stake s; = s the joint distribution of n and m is given by

Pl = 3 3 3 [[Plet) Plnte)

o)  o(m)n1)  n(r)t=1

X OnsS i mi(8) 0s(8)Oms STy ma()s (1)
where 0., is the Kronecker delta function, i.e. for z,y € Z the §,,y = 1if x =y
and 0y = 0if 2 # y.
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e The sums in above can be computed, by using the Fourier representation d,., =
ffﬂ g—: ¢“(®=¥) in and exploiting properties a binomial distribution, giving us
P (n,m|r) =P (n|m)P (m|7), (2)

where P (m/|7) is the binomial distribution

i) = (7 )am -0 )

with the parameter ¢ such that ¢ 7 is the average number of observations}, and

P (afm) = () 5" (15" (1)

is the binomial distribution with parameter s such that sm is the average number
of observed lottery wins.
e The distribution (2) can be used to construct
P (n,m|r)1[m > 1]
D0 2oneo P (7, ml7) 1[m > 1]
_ P (m|7)P (njm)1[m > 1] (5)
1-(1—-q)7 ’
i.e. the probability of n and m given that m > 1.
e We note that

P(n,m|lr,m>1) =

T

ZZan|Tm>1 Zle|T sm

m=0n=0 m=1 1- q

=5 (6)
and hence given that Y _;_; n;(t) > 1, i.e. at least one observation event happened,
the fraction Y/, m;(t) 03(t)/ > ;_1 mi(t) is unbiased estimator of the stake s.

3. Concentration inequalities

e For ¢ > 0 we are interested in the probability of the event s — e < n/m < s+ ¢,
where m > 1. The latter is given by

P((s—eym<n<(s+e)ymlm>1)
=1-Pmn<|[(s—¢)m|lm>1)
—Pn>[(s+e)m]+1m=>1), (7)

where in above we assumed that (s+e€) m ¢ N. To estimate above we first consider
the probability

Pn>[(s+e)m|]+1m=>1)
= Z ZP(n,mh—,mz Din>|(s+€)m]+1]
m=0n=0

1 We note that mode of the binomial distribution is (approx.) at g7 and hence the typical number
of observations will be also (approx.) ¢7. Furthermore, for A > ¢, where A € (0,1), the
P(m > [A7]) < e P9 where D (A||q) is the Kullback—Leibler (KL) ‘distance’ [1]. Using

D (A]|q) > 2(A — q)? and q + € in the latter we have P(m > |(¢+¢€) 7)) < e=27¢%,
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> om=1 P (m|T) Z?:L(s—s-e) m]+1 P (n|m)
1—-(1—q)"
< Sy P(m|r) {1[m =1]s + 1[m > 2Je~mPlsFells)}
- 1-(1—q)
_ P(1r) s+ 30 o P (m|r) e mPltels) ()
1-(1—-¢q)
where we used upper bound on the upper tail of the binomial distribution derived
in the Appendix A, and hence computing the sum in the above we obtain the
following inequality
Pn>|(s+e)m|+1m >1)
_ 1= [s—e P — (1 g)7
- 1—(1—q)"
1+ ge s’
1-(1—-¢q)

Secondly, we consider
P(n<|(s—e)ym]m>1)
_ X Pmln) 3,20 P (nfm)
1—(1—-q)
S Pl S P (nm) — (1 — )"
1—(1—q)"
_ S _oP(m|T)1[(s —e)m < 1](1 — s)™
1—(1—-q)"
L ZhcoPmin)1[(s = )m > 135,559 P (nfm)
1—(1=q)
(-9
T—a-g (10)

Now the sum
-

Z P(m|r)1[(s—e)m < 1)(1—9s)™

<Y Pmlr)(1—s5)"=(1-qs) (11)

and the sum

. L(s—¢)m]

ZP(mh)]l[(s—e)le] Z P (n|m)

m=0 n=0

< 3" P(mr) (s — €)m > 1] e~ PEell)
m=0

< Z P(m|7’) eme(sfeHs)

m=0

= [1 =g+ qePeel)] (12)
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where in above we used results from the Appendix A, and hence
P(n < (s — )m]lm > 1)
_(—gs) + [1—gtqePCmIW]T — (1 g
- 1-(1-q) '
Using the inequalities (9) and (13) gives us
Pn<|(s—e€)m]|lm>1)
+Pn=(s+e)m|+1m=>1)
=g +[1—q+ qe Pl — (1 - g)
- 1-(1-q)7
q(l _ q)T—l [S _ e—D(s—&-eHs)} _ (1 _ q)'r
1= —-qr
[1— g+ qeDltell)]
1—(1—-q)

(13)

_|_

and hence for (7) we obtain the following lower bound
P((s—egm<n<(s+e)mlm>1)

(1—gs)" + [1—g+ge Pt — (1—¢)
1-(1-q)

q(l _ q)'r—l [S _ e—D(s—‘,—eHs)] _ (1 o q)T

1-(1-q)7
C[l-g+ qe—D(S+€IIS)]T. (15)
I=(1-q)r

To compute upper bound on (7) we first consider

P(n>[(s+e)m|+1jm>1)

T m

>1-

n=0
S Y ome1 P (m|r)1[m = 1]s
- 1—(1-q)
o S Pnlr) 1 > e D121
n—(1-— q)T]\/gTusﬂm“ (1 - Lot
_q(l—q)"'s

S 1-(1—gq)
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[1 —q+ qefD(s+e+1/2||s)]T

1 (= gr] foressplen (1 Lesoplar)
— )7 _ \7—1,—D(s+e+1/2||s)
B (1-¢)"+q(1—q)7 e (16)
- (- gr]foressplen (1 Lesoplar)

and hence from above follows
Pn>[(s+e)m|]+1m>1)

q1—q)" s
T 1-(1-9)7

+

[1 —q+ qe—D(s+e+1/2||s)]T

[1—(1-q)] \/87— L(S+62TJ+1 (1 _ L(s+eT)TJ+1)

1—ag)" 1—¢g) 1 —D(s+e+1/2]|s)
a (1-q)"+q(l—qg) e (a7

[1 _ (1 _ q)T} \/87 L(s+eT)TJ+1 (1 _ L(s+eT)TJ+1>

+

Now we consider
P(n < [(s—e)m]m>1)
T P () S O™ P (n)m)
1-(1—-q)
Sory P (mr) 0™ P (n)m)
1—(1—-q)
Sory P (m|r) 0™ P (nfm)
1-(1—q)
(1) SLeg 9™ P (nf1)
1-(1—q)
P (|rq)|r) S0 T P (| rq))
1-(1-q)7
Tq(1—q)" (1 — 5)
1-(1—q)

+1[gr > 1] P(WHT)T {1[(56) I7q) < 1)(1 — s)l74)

=1[gr < 1]

+ 1[gr > 1]

P
> 1[gr < 1]

+ 1[gr > 1]

=1[gr < 1]

T 1-(1-9)
L(s—e) L7al
+1[(s—e lrg) =1 > P(n|lrq)) }

n=0
17 T—1 17
21[q7<1]7q( q)" (1-3)
IL—(1—q)
1 —mD(q)
+1[gr > 1] ° o

O e (1)
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- X {Il[(s —€) |rq) <11 =s)l7d 4 ...

o~ Lral DR ls)
4+ 1[(s—e)|Tg] > 1] (3
Ls=alrall (1 _ Ls=9lra]]
\/ 8Lra) el (1 - Heggield)

and hence
P(n<[(s—e)m|lm=>1)
(1-g) '(1—s)
1—(1-q)

1 —r (L2 jq)
+ 1gm > 1] © X e

e \/87-“‘” (1_m)
S {]l[(s—e) |7q| < 1](1 —s)l7d ...

o~ Lral DAETZ T 1s) }

[G—alral] (1 _ Ls=lral]
\/ SLra) et (1 - ey

(19)

> 1fgr < 1]

4+ 1(s =€) [rq] = 1]

Using the bounds (17) and (19) gives the upper bound
P((s—egm<n<(s+e)mm>1)
_ 71
<1- g(1—gq)"'s
1-(1—-gq)
[1 —q+ qe—D(s+s+1/2||s)]T

- (1-g)] \/8TL(3+E)TJ+1 (1 . L(s+E)TJ+1>
(1 o q)T + q(l _ q)T—le—D(S+6+1/2||S)
[1—(1—¢q)7) \/ grlitartl (1 - L(SMTHI)

Tq(1—¢q)7 " '(1—s)
I—(1—q)

1 —r (L2 jq)
—1[gr > 1] ¢ X e

T el (1 Lo
—X {]l[(s —6) |rq) <11 —=s)7 ...
ethj D( L(S—Li)qLJTQJJ D) }

[—alral] (1 _ Ls=lrgl]
\/ 8lra) Hegigreld (1 - Heggield)
(20)

+

—1[gr < 1]

A+ 1(s—€) [rq] 2 1]
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o If for ¢ > 0 we are just interested in the probability of the event n/m > s — ¢,
where m > 1, then the latter is given by
P(n>[(s—e)m]+1m>1)
=1-Pn<|(s—€¢)m]lm>1)
(1—gs) +[1—g+ge P —(1—g)

>1—
- 1-(1—-q)
Tq¢(1—q¢) N1 -5
<1-1[gr <1] (1_()1_;)7 )
1 —7D(q)
—1gr > 1] ° o

t=(=ar \/8H (1- L)

- X {1[(8 —e)|rql <11 - s)lrd 4 ...
e_I.TqJ D( L(S1i)qLJTQJJ 1s) }

[=a)lral] (1 _ Ls=a)lral]
\/ 8Lrq ) Heafpid (1 ey

(21)

A 1(s — ) [7q) = 1

where in above we used the inequalities (13) and (19) to obtain, respectively, the
lower and upper bounds.

4. Analysis of asymptotic regime

e We are interested in the distribution of u = m/7 and v = n/7 random variables
when 7 is very large.

e For some test function f(z,y) we consider the sum

mil niop (ml7) P (nlm) f(m /7, n/7)
- mz_ZP (mlr) P (nlm) F(m /) — (1~ 4)" £(0,0)
= [ [ P o) 1) - (0 - 07 0.0
_ Oldu O“dy [P (1, ) — (1= @) 8() 6] Flov),  (22)

where we defined the probability distribution
Pr(pv) = S S P (mlr) P (nlm) 8(u — m/7) (v — n/7). (23)
m=0n=0
We note that for 7 — oo the last term in above is vanishing. However, for finite
7 we can define

5 ~ Pr(pv) = (1—q)76(u) d(v)
PT(/JHV)_ 1_(1_q)7 ’

(24)
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e The averages of v and p are given by, respectively, the sums

Z ZP (m|T)P (njm)n/T = Z P (m|rt)sm/T
m=1

m=1n=0

= ZP(m\T)sm/Tzsq

m=0
and
Z Z P (m|7)P (nlm)m/T = Z P (m|r)m/T
m=1n=0 m=1

= Z P (m|r)m/T =q.

m=0
e The distribution (23) can be computed in the limit 7 — oo as follows.
First, using the Fourier representation

> dji ipT(p—m/7
5(M—m/7)=/ #e“ (n=m/7)

we compute the sums

> P(mlr)d(u—m/7)
m=1
= 32 P (mir) 80— m/

= AR a -
_ 1 T P ifgm
/ 271'/7' Z (m|7)e
*di s, o
_ N7 ift
/_OO 271'/7'e 1-atge]

_ / * AR cfipntog(1-gtge )]
oo 27/ T

and

P(nm)d(v —n/7)

Ms

m

* dv .
ll/I/T P —1’n
271_/7_ nE: (njm)e

dv ivvT o —ip\™M
/ 271_/7_(3 (1 s+se )

do eT[if/u—&-% 10g(1—5+s efif/)].
2W/T

Now using above we have

/ldu/uvaT(uw)f(uw)
/ du / v / = 2ix/tTeT [ian-+log(1—g+ge )]

(27)

(29)
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©dp [.A T+ ulog(1— —ip
% e liovtp og( s+se )}f v
/_OO 27 /T (n.v)

— fOl d/,l, fO‘u dv ffooo d'[l/ ffooo dv eT\I’[“W’[L’lA/]f(/’La Z/)

1 o [e%s} ~ [OO 5 oW v, i, 7] ’ (30)
Jo dp [ dv [ din [70 dpem ¥l
where we defined the function
\I/[:u‘7 Valav ﬁ} = llalu + IOg (1 —q + qeiiﬂ)
—i—if/y—&—ulog(l—s—i—se_iﬁ). (31)
For 7 — oo we expect [2] that
1 OOAOOAT\I:[V”Q] PO
—log dj dpe™ I = extry, 5 W, v, @1, D). (32)
T —o0 oo
Now the equation % = 0, i.e. necessary condition for extremum, gives us
ge
= 33
S S——T (33)
and solving above we obtain iji = — ln(q((u 1;) The equation %\1/ = 0 gives us
psei?
v 1—s54se” (34)

and solving above we obtain i = — ln(%) Hence the function (31) at

the extremum is given by

Ulp,v] = uln<( ”))+log<1_q+“(1q>>

(1-q) (1—p)
(= (v/p)
ul /) 1“<<u/u> <1—s>>

+log<15+(y/“)(18))]

(1= (¥/w)

(i) (1)
|- mog (U)o (122)]

= — [D(ullg) + pD( V/ull )] (35)

Dlslle) = g% ) + (1= wrog (1) (36)

is the Kullback-Leibler (KL) divergence which for p,q € [0,1] is 0 when p = ¢
and is positive semi-definite when u # ¢. Thus for 7 — oo we have

/ au / " WP () ()

_ Jy dp [ dv e PG RDE /I £ (4, 1)
fo dp [ dv e=ID(ull)+nD(v/ulls)]

where
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which gives us
e~ TID(ull9)+1D(¥/plls)]

PT s V) = 38
(k) JEdp [P dy eI lla DG/l (38)
in this limit. From above, using the definition (24), we also obtain
~ P (p,v) — (1 —q)"0(pn) (v
() - Pelien) = (L= 07800 8(0) )

1-=(1—-¢q)

e For € > 0 the event s — ¢ < n/m < s+ ¢ where m > 1, is equivalent to
(s—€e)p < v < (s+€)u, where pr > 0. The probability of the latter can be
estimated using (38), when 7 — oo, as follows

P((s—e)u<v<(s+e)p)
=1-Plv<(s—e)u)—Pw>(s+e)pn)
Johdp [ qy o= DGl@) i D /plls)]
B ) dp [ dv e~ 7D (klla)+1 D/ ulls)]
fydu b, dve TPt DE )

=1

T (40)
fo dp foﬂ dv e—7D(ulla)+p D/ ulls)]
Let us define the difference A(rv) = v — s and consider the integral
I Iz
/ dye—wD(vHs)g(y) — / dye—mD(s+A(y)|\s)g(y)
0 0
m | 5)2 3¢y,
_ / dl/e H |:23(1 a)+O(A ( ))i|g(y)
0
© _ 1 (v—s)?
~ / dve™ ==/ g(v). (41)
0
where to obtain the last line we used ideas of from [3, 4]. Thus we have
iz iz
/ dv e~ THPW/HlI® g (1)) ~ / duefﬁ(ﬁf‘q)zg(y), (42)
0 0
where o%(u) = s(1 — s)/7u, for some test function g(r). Now using above

approximation in (38) allows us to compute the integrals

12 175)2
/ dye 252(“) H
0

G [ (s 1)
o2 [f< 20200)+ f( 202(@)]’(43)

(s—e)n 1 /L N2
/ d,/efzﬂ(u)(ﬁfs)
0

:M erf| — 5 _erf<6>] 44
2 l ( 2«%)) 27 ) | Y
/M dye‘m(ﬁ—s)Q

(s+e)p

i/ 2mo?(p) or 1-s Cer €
- e i) - )

and
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which can be used to approximate the probability
P(v<(s—e)p)

—rD(pullq) V27 (1) 2’”’"‘ c
Nf e {m( R0 ) f( 20200)]

f dpe~ D(ullq) 1V 277 (1) 2mz {erf( 202

il Ca) >
202((1 22()

~ (46)
(1—s)
. e =

where in above we assumed that for large T the random variable p can be replaced
by its average q. Using the same steps we also obtain

P> (s+en)
[ gDl 1276 l:erf<

T

1
~__
=
7N
)=
Al
Nl
Sl
~__
| I

NE a%u)) - erf( 2;2(u>)]
1 _r wy/2mo? (1) (1—s)
Jy dpe P ulla) V22 { rf( 2oz(u)> + erf( 202(#))]

f 1—s _erf €
~ - <V2‘72(Q)> - (VZUQ(q)> (47)
f s f (1—s)
. (\/202@)) e (\/202@)

Finally, combining all of the above results we obtain the approximation

P((s—ep<v<(s+ep)

erf | —=— | —erf| —=—
~— 202(q) 202(q)

S
erf( 202((})) + erf

~
~

= ; (48)
s f 1—s
erf( 2a2<4>> e ( 202<q>>
where 02(q) = s(1 — s)/7q.

e We note that if we are interested only in the probability P (v > (s —¢€)u) =

1—P (v <(s—¢€)pu), ie. the probability that the estimator of s, v/u, is greater
than s — €, then this probability is approximated by

1-Pw<(s—e)p)
- f dp fOs €) P qu e—TDwll@)+1uD(v/ulls)]
i dp [ dve=mID(ulla)+1 D(v/ulls)]




Analysis of leader election process in PoS 12

s (1—s)
erf(m> + erf( 202(q))
where 02(q) = s(1 — s)/7q, and for
1-Pw<(s—e)
(s €)
=1 _/ d/’é/ Hs )
(s—e) o _\T
:1_/ du/ " gy Brv) — (1= ¢)70(u) 8(v)
0 0 1-(1-4q)
1 s—e r
T v (u) — (1)
1-(1—-¢q)
f dp i (s=€) 1 g, o= 7Dlla)+uD(/1|ls)] -
- Ofo dp I dv o= TG Fa D/l (1-4q)
1-(1-q)
erf(x/zcj2m> (\/202(4>>
. s i =9
~1-— ‘ f<\/202<q>>+e f( V2o 2<q>> (50)
1-(1-q) ’
5 PT(/’[/’ V) — (1 - q)T(S(M) 6(”)
P (u,v)= . 51
(1.0) T (51)
Appendix A. Bounds on tails of the binomial distribution
Appendiz A.1. Upper tail
The probability
P(n> [(s+€)m]+1lm) = Z P (n|m) (A1)

n=|(s+e)m|+1
can be bounded from the above
P(n > (s + €)m] + 1m) < e~ DK 1) (A.2)
and from the below
o mD(L(”?n"LH1||s)
P(n > [(s+€e)m] +1|m) > (A.3)
[(s+e)m]+1 (1 _ |_(s+e)mj+1)

8m

for s < % < 1 by the Lemma 4.7.2 in [1]. In the case when m = 1 we have
W =1if 0 < s+ € < 1 but here the probability

P(n > [(s+¢€)m] +1jm) =P (1]1) = s. (A.4)
We note that s+€ < % < s+e+1/mand D (s + €||s) is monotonic increasing
function of € when 2s — 1 < € < 1 — s which gives us

P(n > |(s+e)m]| + 1jm) < e mPlotells) (A.5)
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and
e~ m D(s+e+1/m||s)

\/8mt<s+e>m+1 (1 - Lesmin)

m m

P(n > [(s +e)m] + 1jm) >

e~ ™ D(s+e+1/2||s)

= \/STL(HE)TJH (1 _ |_(s+e)7'J+1)

where to obtain the second inequality in above we assumed that 2 < m < 7 and
s+e<1/2

A.6)

Appendiz A.2. Lower tail

The probability
L(s—e)m)
P(n<[(s—em]lm)= > P(nm) (A7)

n=0
can be estimated as follows
P(n < |(s — &)m]|m) = P(e " > e AME=aml |y

< Z P (n|m) e—/\nekL(s—e)mJ

n=0
=(1—s+ Sef)\)me/\L(sfe)mJ
= MmN, (A.8)
where
p(N) = —log(l —s+se ) — )\M. (A.9)

_ Ls=eym]
Now the function ¢(A) is concave and has a maximum at A = log (M)

The latter is positive when % < s, so can be used to optimise the upper bound
e~ ?N) giving us
P(n < |(s — m|m) < e~ ™ PEETEIS) (A.10)

W < s. Furthermore, we have W < s — € < s and hence

P(n < [(s—e)m]m) < e mPlsels), (A.11)
Let us now obtain the lower bound for (A.7). This can be done as follows
P(n < (s — m]Im)
L(s—e)m]

= Z P (n|m)

n=0

for

L(s—¢)m]
=1[(s—e)m < 1P 0jm)+1[(s—e)m > 1] Z P (n|m)
n=0
L(s—e)m]
=1[(s—em<1(1-9s)"+1[(s—em >1] > P(nm)
n=0
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>1[(s—e)ym<1(1—=98)"+1[(s—e)m > 1P ([(s—€)m]|m)
=1[(s—em<1(1—-95"
m
Lils— m > 1 L(s—m] (] _ gym—L(s—c)m]
L (T
=1[(s—em<1](1—-95)™
m L(s—a)m] Ls=e)m)

1 — >1 —mH(==2) o —m D(S— ls)
Frle=am 2 (), " )e ‘
>1[(s—em<1)(1—-9s)™

omH(Hez2ml)

\/8mt<s—n§>mJ (1 - Lol

 e—mHHEZImL) —m p(Lesaml ) (A.12)

+1[(s—e)m >1]

and hence
P(n < |(s — e)m]|m)
>1[(s—e)m <1 (1—s)™ 4

e*mD(%HS)

\/gml(s"el)MJ (1 B L(s;;)mj>

21[(8—€>m<1](1—s)m+...

o= maxgm 1) (s o) DL |s)

\/87- (ool (7 _ Loz

we can obtain a less tight bound

4 1(s—em >1]

15— m > 1]

L (A.13)

gmu(Lezaml,

We note that by using (L(s—ﬂZ)mJ) > T
P(n < [(s — e)m|[m)
>1(s—em<1](1—9)" 4

o—mD(H=2m|s)

o+ 1[(s—e)m > 1] o

>1[(s—em<1(1—-9)"+"--
efm max,—nzl/(s—e) D(

T+1

L(s—e)m]
= 1ls)

o 1[(s—e)m > 1] , (A.14)

where in above we assumed that 1 <m < 7.
Let us try to obtain a much tighter lower bound as follows. For (s —e)m > 1 we
have
P(n < [(s — ¢)m]|m)
[(s—e)m]

= Z P (n|m)

n=0

o 1=c@(m), 1/r)/m 1 o—mD(Q(m)]]s)
= 1—1/r \/ZWmQ(m) [1—Q(m)]

(A.15)
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where Q(m) = 7“5:;)7"]

_ s[1=Q(m)]
"= Q- ) (410
B 1 r(1+4r)
cla,r) = o —a) [1 + 1= r)z} (A.17)

Appendix B. Results for ¢ =1

For ¢ = 1 we have
P (n,m|r,m >1) =P (n|1) (B.1)
then
L(s—e)7]
Pin<|(s—erlm)= Y  P(nlr)
n=0
=1[(s—e)T <11 -9)7
L(s—e)7]
+1[(s—ar =1 > P(nl7)

n=0
<1(s—e)7 < 1](1—s)7
+1[(s — )7 > 1]e 7P
<1l(s—e)T <11 —3s)"
+1[(s — €)7 > 1] e " Plsells) (B.2)
and hence we obtain the following upper bound
Pn<|(s—e)T]lm) <1[(s—e)T7 <1](1—5)"
+1[(s — e)r > 1] e " Plsells), (B.3)
Let us now derive the lower bound
P(n < [(s — e)7]|m)
=1[(s—e)r <11 —9)"
[(s—e)7]
+1[(s—€e)T > 1] Z P (n|T)

n=0
>1(s—e)T <1)(1—s)7
e T D)

\/87 ool (1 _ Lte=arl)

Now using above bounds we obtain the following
Pn>|(s—e¢)ym|+1jm >1)
=1-P(n<|[(s—€em]lm>1)
>1—-1[(s—e)T <1](1 —s)"
—1[(s — €)1 > 1]e " Pls=ells)

F1[(s—e)r > 1] (B.4)
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<1—-1[(s—¢e)r <1](1—s)"
e~ D(LE=2EL )s)

\/BTL(s—Te)TJ (1- L(s—:m)'

—1[(s —€e)T > 1] (B.5)
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